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1 Introduction 


Let X and Y be two independent and nonnegative random variables with distribution F and G , respec¬ 
tively. The distribution of the sum X + Y, written as F * G, is called the convolution of F and G. 

A distribution F on [0, oo) is said to belong to the class £ a for some a > 0, if its right tail satisfies 
F(t) = 1 — F(t) >0 for all t > 0 and the relation 


lim 

£—>■00 


F(t — u) 


= e au 


( 1 . 1 ) 


holds for all u. For a = 0, the class Cq reduces to the well-known class of long-tailed distributions. Clearly, 
the class C a is related to the class RV- a of regularly varying functions with exponent —a by the fact that 


F £ C a if and only if F(lni) £ RV- a . 


Applying Karamata’s representation theorem for regularly varying functions (see Bingham et al. (1987) and 
Cline (1986)), we know that F £ C a if and only if F(t) can be expressed as 

F(t) = c(t) exp J a(y)dyj (1.2) 

with Hindoo c(t) = c > 0 and lim^oo a(t) = a. 
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Aii important subclass of C a is the class of convolution equivalent distributions S a . We say that F 
belongs to the class S a if F £ C a and the limit 

. lim = 2 m F {a) (1.3) 

t->oo F(t) 

exist and is finite, where the constant tof(c>:) = J 0 °° e au dF(u); see Chistyakov (1964) and Chover et al. 
(1973a, 1973b), Cline (1987). The class S := So is called the class of subexponential distributions. 

Properties of those mentioned classes have been extensively investigated by many researchers and have 
been applied to many fields. Embrechts and Goldie (1980) proved that C a is closed under convolution, and 
gave sufficient conditions for the statements F £S<t=>F*G£S and F * G £ S pF + (1 — p)G £ S 
with some (all) p £ (0,1). Some more results on S a are presented by Embrechts and Goldie (1982). For 
F,G £ C ai Cline (1986) investigated the relationship between F *G and its components F and G. Further, 
Cline (1987) derived some results on distribution tails of random sums from S a , and gave more closure 
and factorization properties for distributions belonging to C a and S a - Recently, Zachary and Foss (2006) 
derived the asymptotic of tail distribution of convolution of distributions belonging to S a , and further gave 
an distributional asymptotic for the supremum of a random walk with increments in S a . By using h- 
insensitivity function, more properties of convolutions of long-tailed and subexponential distributions were 
investigated by Foss et al. (2009). For more studies on random sums, random walk and queue theory related 
to the classes C a and S a , we refer to Albin (2008), Borovkov (1976), Foss (2007), Pakes (2007), Shimura 
and Watanabe (2005), Zachary (2004). 

With motivation from Cline (1986), in this paper we are interested in the second-order tail asymptotic 
expansions of convolutions of the following two classes of distributions: 

F(t) = e~ at+x(t) , x(t) e RV P , 0 < p < 1 (1.4) 

and 

F(t) = b(t)e- a \G{t)=c(t)e~ a \ b(t) £ RVp,c(t) £ RV 1 , /3,7 € M. (1.5) 

Clearly, F and G given by m and m not only belong to C a: but also are Weibull-type distributions. 
For such distributions F and G, the first-order tail asymptotics of F * G have been derived by Cline (1986). 

In recent literature, more and more researchers focus on the second-order asymptotic behaviors for the 
sake of understanding precisely the tail behaviors of risks, ruin probabilities and random summation. Hua 
and Joe (2011) obtained the second-order approximation of the conditional tail expection CTE p (X) for 
risk X with its survival function having the property of the second-order regular variation. Degen et al. 
(2010) and Mao and Hu (2013) derived the second-order approximations of the risk concentrations Gy a n(p) 
and Ccte(p), respectively. Baltrunas (2005) investigated second-order behaviour of ruin probabilities with 
subexponential claim-size. Lin (2012) established second-order asymptotics for ruin probabilities in a renewal 
risk model with heavy-tailed claims. For the convolutions of the regularly varying distributions, the second- 
order or higher-order tail asymptotics have been discussed by Borovkov and Borovkov (2001), Geluk et al. 
(1997), Hashorva et al. (2014) and among others. Barbe and McCormick (2008) and Lin (2014) respectively 
established the second-order tail asymptotics of convolution for rapidly varying subexponential distributions 
and second order subexponential distributions. For related works on the higher-order asymptotics of random 
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sum, see, e.g., Geluk (1996), Omey and Willekens (1986, 1987), Albrecher et al. (2010). To the best of our 
knowledge, there are no studies on higher-order expansions for convolution of distributions belonging to C a 
with a > 0. The main goal of this paper is to investigate the second-order asymptotics of convolution of 
light tail distributions F, G which satisfied m and (11.51) . In order to get the desired results, we assume 
that x(t), b(t), c(t ) in (II.dl) and (11.51) are second-order regularly varying functions. 

The rest of this paper is organized as follows. In Section [2j some preliminary concepts and results of 
second-order regularly varying functions are presented, which will be used to prove the main results. The 
main results and some illustrating examples are given in Section [3] All proofs are deferred to Section 0] 


2 Preliminaries 


For analysis on tail asymptotics of convolutions of F and G satisfied m and & the theory of 
regularly variation on survivor functions plays an important role. We refer to de Haan and Ferreira (2006) 
and Resnick (1987) for standard references on regular variation. 

Definition 1. A measurable function x '■ R+ —(► R that is eventually positive is regularly varying at oo with 
some a£l (written x £ RV a ) if for any u > 0, 


v X{tu) a 
Inn — r— = u . 
t^oo x(t) 

We call a the index of variation. If a = 0, y(t) is said to be slowly varying at oo. 


( 2 . 1 ) 


The following result is the famous Karamata’s Theorem. 

Lemma 1. (de Haan and Ferreira, 2006, Theorem B.1.5; Resnick, 1987, Karamata’s Theorem 0.6) Suppose 
that x £ RV a for some a£l and to > 0 such that x(t) is positive for t > to. If a > — 1, then 


tx(t) 

inn —7- = a + 1 . 

f tn X(s)ds 


If a < —1, or a = —1 and / 0 °° x( s )ds < oo, then 


V f x(t) 

iim -r ^ t ——— = —a - 1. 


( 2 . 2 ) 


(2.3) 


t ^-°° ft X(s)ds 

Conversely, if m holds with — 1 < a < oo, then x 6 RVa! if (1231) holds with — oo < a < —1, then 
X e RV a . 

Karamata’s Theorem described the effect of integration on a regularly varying function. When an a- 
varying function is differentiated, the associated property was investigated by Proposition 0.7 of Resnick 
(1987) which is cited as follows. 

Lemma 2. (Resnick, 1987, Proposition 0.7) Suppose x '■ —(► R+ is absolutely continuous with density x' 

so that x{x) = ff x'(t)dt. If 


y tX'(t) 
lim —= a, 


(2.4) 


t-too x(t) 

then x 6 RV a - Conversely, if x €= RV a , a 6 R, and x! is monotone then m holds and if a ^ 0, then 
(sgna)x'(x) G RV a - 1 - 
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The following definition of the second-order regular variation comes from de Haan and Ferreira (2006) 
and Geluk et al. (1997). 

Definition 2. A measurable function x '■ —> R that is eventually positive is said to be of second-order 

regularly variation with the first-order parameter aeR and the second-order parameter p < 0, denoted by 
X £ 2RV atP , if there exists some ultimately positive or negative function Aft) with lim^oo A(t)=0 such that 

x(to) _ T a ,, . 

lim x(t) - =x a - -, x>0. (2.5) 

t-too Aft) p 

Here, xP ~ 1 is interpreted as log a; when p = 0, Aft) is referred as auxiliary function of x, o,nd p governs the 
speed of convergence in EH). 


Next result concerns the Drees-type inequalities for RV functions and 2 RV functions which establishes 
uniform inequalities. 

Lemma 3. (de Haan and Ferreira, 2006, Theorem B.1.10, Theorem 2.3.9; Drees, 1998) If x £ RV a with 
a £ R, for each e, S > 0, there is a to = to(e, 5) such that for t, tx > 0, 

X{tx) 


xft) 


— X 


< ex a max (x 5 , x 5 ) . 


( 2 . 6 ) 


Further, if x £ 2 RV a>p with auxiliary function Aft) and p < 0, then for any e,5 > 0, there exist an auxiliary 
function Aift), Aift) ~ Aft) as t -4 oo, and to = to(e, S) > 0 such that for all t , tx > to, 

x(tx) 


xm 


- x 


,x p -l 


Aift) 


— x 


< ex a+p max (x 5 , x s ) . 


(2.7) 


To end this section, we provide the following nice representation of 2RV a p with p < 0 given by Hua and 
Joe (2011). 

Lemma 4. (Hua and Joe, 2011) Let a £ R, p < 0 and |H(f)| £ RV p . Then x £ 2 RV aiP with auxiliary 
function Aft) if and only if there exists a constant a > 0 such that 

Xft) = at a ^1 + ~ p A{t) + o (A(t))^ 

as t oo. 


3 Main results 


In this section, we provide the main results. For Fft) = given by (11.41) . the second-order tail 

asymptotic of F * F are presented in the following theorem by assuming that y(f) £ 2RV PiPl , 0 < p < 1, 
pA pi < 0 . 


Theorem 1. Let Fft) = with a > 0 and xft) is eventually differentiable such that x'if) is 

nonincreasing eventually. Assume that xft) £ 2 RV PtPl with 0 < p < 1, p + p\ < 0 and auxiliary function 
A\(t). Then, for large t we have 


(±)F*F(t) 

(I) 


a I 7r 2 P 5 ay/ir(p — 2)(p — 3) 
2\p(l~p) (p(l - p))*x(t) 


1 / P n xft) 

V 1 - p t 


^Hi(t)x(t) + 


1 

xft) 



(3.1) 
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Remark 1. For F(t) = e at +x( t ) ; we have mF(a) = oo which implies that F £ C a but F S a . 

Example 1. Let risk X have distribution tail F(x) = e~ ax+x ^ with x(t) = abt 2 (l + \Ai(t) + o(Ai(f))) ; 
b > 0, \A\(t)\ £ RV— 2 . Then by Lemma\4\ x(i) £ 2 i?Vi _ 2 , and the second-order expansion (|3.Ill toads to 

^ (t) - «* (|) (>* (?) * - ^* (a) * (' + ®) r * + ” ( H ) 

/or large t. 

Theorem [2] provides the second-order expansions of F * G where F and G are given by (11.511 with b(t) £ 
2RVp t p 2 , c(t) £ 2RV ltP3 , / 3,7 £ M, p 2 ,P 3 < 0. These results are more complex than results derived in 
Theorem [1] In order to state the main result Theorem [5] clearly, we first present the following proposition. 

Proposition 1 . Let F,G £ C a , ot > 0. Assume that b(t ) = e at F(t) £ 2 RVp tP2 with auxiliary function ^(t) 
for p 2 < 0, /3 £ K, and c(t) = e at G(t) £ i?P 7 , 7 £ R. Then 


(i) if 7 < — 1 , /or torge f we have 


F(t — u)dG{u) = F(t)Mi(/3, 7 , i) 


(3.2) 


with 


f 0 2 c(u)du fa+ f/3 f 0 2 (1 - 1 (logu)du + (log2) (l - 2 /3 )') 

\ J 0 2 c(u)du ' ' 


+ O 


c(u)du 
l-\-tc(t ) 




7 = — 1 withmcia) = 00 ; 
7 = — 1 withmcicn) < 00 ; 


fo 2 c(u)du \ f 0 2 c(u)du 

mG{ot) — a J7° c{u)du + o ^J?° c(u)du + A 2 { 

7 A) = { m G {a) + a ( f Q 2 ((1 - - l) u 7 du + ( 1 + 7 ) 2 i+-y ) tc (t) + o(*c(t) + A 2 {t)), (3.3) 

—2 < 7 < — 1 ; 

mc/ck) — otf3t~ l // uc(u)du + o // uc[u)du + ^h(t)) , 

7 = —2 with f^° uc{u)du = 00 ; 
mc(cx) — j3t -1 / 0 °° ue au dG{u) + o(t~ l + ^(f)), 7 < —2 with uc(u)du < 00 . 

(ii) if , y> —1, suppose c(t) £ 2RVy tP3 with auxiliary function A 3 (t) and p 3 < 0, 7 + P 3 + 1 > 0, f/ien (13.21) 
holds with 

( 1 1 

a [ (1 — u)^vAdu + — f ((1 — u) P2 — 1) (1 — u)Pu 1 duA 2 {t) 

Jo P 2 Jo 

+ J (1 — u)^~ 1 u y (2u — l)du — 2(1 + 7 ) J [1 — u)Pu 1 du\ t _1 

2~P3 0 


+a 


p 3 (7 + P3 + 1 ) Jo 
2~ P3 (7 + I) — 7 — p 3 — 1 f 2 


Po(l + P3 + 1 ) Jo 


(1 — u)P 1 u 7+1 ((2u)'* - l)du 

(1 - uYifdu J A 3 (t) + o (f _1 + A 2 {t) + A 3 (t)) 


(3.4) 


for large t. 
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Theorem 2. Let F,G £ C a , a > 0. Assume that b(t ) = e Qt F(£) £ 2i?Vg jP2 with auxiliary function A 2 (£) 
/or /O 2 < 0, f3 £ R, and c(t ) = e at G(t) £ 2 RV 1jP3 with auxiliary function A 3 (t) for p 3 < 0, 7 £ M. TZien 

FTG(t) =F(t)M 1 C8,7,t)+S(t)M 2 C8,7,t) (3.5) 

/or Zarge t, where Mi(/3, 7 , £) is gzren by Proposition |7J and M 2 (/3, 7 , £) is given as follows: 


(i) if (3 < —1, for large t we have 

Jq b(u)du + £*«*> (7 Z 0 5 (l - n) 7_1 (log u)du + (log 2 ) (1 - 2 -7 )^ 


M 2 (P,'y,t) = < 


o 


+ ^(i) ) ) 1 


(3 = — 1 withm F {pt) = 00 ; 

< 00 ; 


/c/ b(u)du \f,fb(u)du 

mF(a ) — a JT° b{u)du + o (//° b(u)du + A 3 (£)^j , f3 = —1 withm F {a) 

m F (a) + Q (/o' ((1 - w) T - 1) u p du + (1+0 \ 2 i+n ) *&(*) + o(£&(£) + A 3 (t)), (3.6) 

—2 < /3 < —1; 

m F (a) — 07£ _1 f 2 ub(u)du + o (i _1 / x 2 ub(u)du + A 3 (t)j , 

/3 = —2 with Z / 0 ub(u)du = 00 ; 
m F (a) — 7£ _1 f 0 °° ue au dF(u) + o(£ _1 + -A 3 (t)), /3 < —2 with J / 0 ub(u)du < 00 . 


(ii) if ft > — 1 with (3 + p 2 + 1 > 0, /or Zarge £ we Ziane 

(3 . 1 _ 

a / (1 — n) 7 u^dw + — [ ((1 — n) P3 — 1) (1 — u)" 1 duA 3 (t) 

Jo P3 Jo 

+ ( 7 L 2 (1 ~ - 2(1 + 0) jf 2 (i - u)Vdu + 2- /3 “ 7 j t" 1 

2 P2 7 


+a 


+ 


P2(/3 + P 2 + 1) Jo 
2- p2 (/3 + l)-/3-p 2 -l [i 
P2{/3 + P2 + 1 ) 


(1 - n) 7 -V +1 (( 2 n ) P2 - 1 ) du 

J (1 - u) 7 u^duj A 2 (t) + o (£ -1 + A 2 (£) + A 3 (t))^j . 


(3.7) 


Remark 2. For F(£) = b(t)e~ at ,b(t) £ RVp,(3 £ R, z£ is clearly that F £ £ a /or all f3 £ M. ZVoie that 
F £ if and only if (3 < —1 with roj;(a) < 00 . So X7ieorem[H also derives the second-order tail asymptotics 
of convolution of distributions from a subclass of S a . 

Example 2. Suppose X and Y are nonnegative random variables with distribution F and G, respectively. 
Let F(t) = b{t)e~ at and G(t) = c(t)e~ at with b(t ) = £~ 3 (l + \A 2 {t) + o(A 2 (t))), |T 2 (£)| £ RV_ 4 , c(t) = 
£^ -1 (l + 77^-£ _1 + o (£ _1 )^ 7 ol > 0 , £ > 1 . idere T(-) denotes the gamma function. From Lemma\4\ 
it follows that b(t) £ 2 RV- 3 t - 4 , c(£) £ 2i?Vf_i 1 _i which imply that mF{ot) < 00 , mdct) = 00 . Then 
second-order expansion (1331) leads to 


F * G(t ) = G(£) ( m F (a) — (f — 1 )£ J ue au dF(u) + oft ) ) , 


F * F(£) = 2F(£) m F (a) + 3£ _i / ue au dF(u) + o(t~ L ) 
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and 


_ 2 a C-i 

G * G(t) = Y(Q t G ^ 


' (i _ y^-iyC-'dy + (C - 1 ) / 2 (1 - y) c ~ 2 y ( dy + 2~ 2 ^- 1 r 1 + oft" 1 ) 


for large t. 


4 Proofs 


The aim of this section is to prove our main results. In order to prove the main results, we give some 
auxiliary lemmas first. Without loss of generality, we assume that the auxiliary functions of 2RV functions 
are positive eventually in the following proofs. 

Lemma 5. Let x(t) € 2 RV PiPl with auxiliary function A\(t) for 0 < p < 1, p\ < 0. Assume that x!{t) 
nonincreasing eventually. Then for large t, we have 

< cmax (t), A\~ Cl (f)), (4-1) 

where c and ci are positive constants with 0 < C\ < 1 . 



Proof. First we consider the case of p\ < 0. Note that 


1 +px+ o 1)x2 < (1 + x) p < 1 + px, 

(4.2) 

1 px + (l C 2 ) 2 < (1 x) p < 1 px, 

(4.3) 

l+p 1 x<(l + x) Pl < 1 + pix + Pi<kPi 2 1 ^‘ T 

(4.4) 


and 


1 — pix < (1 — x) Pl < 1 


pix + (l 


_!vpi -2 piOi - l)x 2 
° 2 ) - 2 - 


(4.5) 


for 0 < p < 1, pi < 0, 0 < x < c 2 1 , 1 < c 2 < 1/ ^1 — (2 — 2 P ) . By using (12.71) . (Id.2l) - (I4.5I) . we can get 

X '(t)t ^ 

x(t) ~ A?(t) x {t) 

< Af Cl (t) (l - (1 - A^it))** - A^t) ^(1 - Al 1 ( t)) p (1 ~ 1 ~ 1 — e (1 — A1 1 (t)) p+Pl ~ s 

< P-( 1 - rf^A?(t) + Mt) (1 - A?(t)) p (l - (l - ciT~ 2 e^±A?(t)j 

+£A 1 1 - Cl {t)(l-A c 1 1 {t)) p+pl ~ 6 


for large t. Similarly, 

> p+^^A^{t) + A 1 {t){l + A^{t)) p (^ + P^Af{t) 

for large t, which implies 


^ - eAl~ Cl ( t ) (1 + A? {t)) p+pl+6 


tx'(t) 


x(t) 


< c max (Af 1 (t ), A\ Cl (t)) 
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with 0 < Ci < 1, c > 0. 

The arguments for the case of p = 0 are similar. □ 

Lemma 6 . Let F(t) = e -“*+x(t) such that x'{t) * s nonincreasing eventually. Suppose x(t) £ 2 RV PtPl with 

auxiliary function Ai(t) and 0 < p < 1, p + Pi <0. Then 

X* (*) //( 2t ) F ( 2t ~ u ) dF ( u ) _ a / ¥ a0F(p- 2)(/j- 3) 1 

tF 2 (t) 2’ V P(! - p) 32(p(l - p))§ xW 

_1 / p?r x(t) xHt) 

2\1-p t 2 1 

for large t, where f(t) = l/x'(t). 


+ o ( Ai(t)x(t) + + 


X 


*(*)' 


(4.6) 


Proof. From Lemma [2J we have lim^oo tx'(t)/x{t) = p , which implies that x(t) is increasing eventually. 
For sufficiently large t and A satisfied f(2t) < A < t, we can get 


< 


< 




X? {t) 


Ot-x! [t -T 


ty 


x 2 (t) 


exp ( X ( t + ) + X ( t ~ 


ty 


xHt) 


- 2 x(t) dy 


(a - x'(s)) exp (x (2 1 - s) + x(s) - 2xW) ds 


,X 2 (*) 


se ( o , A ) 


< max - min x '( S )e*W A^Ze^ 24 "^" 2 ^ 


t 


se(o,A) 


se(o,A) 

se ( o , A ) 


,X 2 W 


max/w) a ,4llW e (i-^)(2 p -2)x(t) _ ( mki, x'(s)e x(s) ) A^^^e (1+£)(2P " 2)l d t) 


= o A^xit) + x (t) + 


X 2 (*) 


(4.7) 


and 


< 


t — A 

r 

J iv2 ( 


'^X 2 (‘) 


a - x' h-r 


ty 


X 2 (t) 


expU|i+ 7 %) +x ( i - 7 fe 


- 2x(i) 


(a-X 7 (^l-c^ 1 ))) (1 - c^ 1 -^ _1 )x^(i)exp(x(2f-^)+x(i(l-C2 1 )) - 
< (a - x' (*(1 - C 2 ” 1 ))) (1 - c" 1 - At" 1 ) x^ (t) exp ((1 - e) (V + (1 - cf 1 ) p - 2 

xHt)\ 


= o Ai(t)x(t) + X W + 


(4.8) 


where 1 < C 2 < 1 / ^1 — (2 — 2 P ) p ^ . 

In order to derived the desired result, we need some more precise inequalities as follows: 

i+px + fa-Vj + i^- Ifr ~ 2) a + d£ ~ ^ - 2 )(p - 3 h- 


3! 


4! 


< (1 + x) p 

< 1 + px + 


p(p-l) 2 , Kp- 1 )^- 2 ) 3 , p(p~ l)(p- 2)(p- 3) 4 


2 3! 

p(p- !)(P- 2 )(p- 3)(p- 4) 


4! 


5! 


(4.9) 
































and 


1 _ px + 2 _ p(p — 1)(P ~ 2) + p(p-1)(p-2)(p-3) 3 . 4 


3! 

1^-5 ~ !)(P - 2 )(d - 3 )(P - 4 ) „5 


4! 


5! 


-( 1-0 

< (1 - x) p 

< 1 px I p(p-1) x 2 , p(p - l)(p - 2)(p - Z) x 4 


3! 


4! 


(4.10) 


for 0 < x < c 0 


Combining with (12.711 . (I4.2I) - (14.5I) . we have 

, 1N 2 , p(p~ 1 ){P~ 2 )(P- 3) y 4 ^ _ 1 ^_ 5 p(p-l)(p-2)(p-3)(p-4) y 5 

p(p-i)y +- — - —-{i-c 2 y - - - 3 — 

12 XW 5! X 5(t) 

+ 2 —({p + Pi)(p + Pi — 1) (l + (1 — c 2 1 ) P+P1 2 ) — p{p — 1) (l + (1 — c 2 l ) p 2 )^y 2 Ai(t) 


-eM ( \ l + —r— 

\\ X 2 W 


yt 


\ p+pi+e / \ P+P l-e ' 1 


) 

yt 


+ i- 


x 2 (t)J 


- x x + m) +x v-m)~** it) 

< p{p - 1 )y 2 + 


,2 , P(P~ 1 ){P~ 2 )(P- 3) y 4 , p(p-l)(p-2)(p-3)(p-4) y 5 


+£v4i(t)x(t) 1 H-r 


12 X(t) 

p+pi+e 


5! 


X 2 {t) 


x 2 0 ) 


+ 1 - 


xHt)) 


\ P+Pi-e s 


(4.11) 


for large t and 0 < y < c 2 1 X 2 {t)- 

Note that p(p-l)(p-2)(p- 3)y 4 /(12x(t)) +p(p- l)(p~ 2)(p- 3)(p- 4)y 5 / ^5!x® (*)) < 0 for 0 < p < 1, 
0 < y < C 2 ± X^(t). By using (14.111) and the following equality 

™2 


l + x<e x <l-\-x+ — , x < 0, 


(4.12) 


we can get 

/■£**(*) 


exp X \t + 


yt 


+ x[t- -^r— ) - 2 x(t) ) dy 


< 


X 2 {t) 

exp (l + (1 — 0 P+P1_ 

x r^X^W / + p(p- l)( p - 2)(/j- 3) y 4 + p(p - 1 ){p - 2 )(p - 3)(p - 4) y 5 


P(P~ 1)(P~2)(P~ 3)\ y 


12 


12 

2 „,8 


x(t) 


5! 


X 2 {t) 


1 + 


p - 4 y 


exp (p(p - 1 )y 2 ) dy 


2X 2 W V 10 x*(*), 

p(p- l)(p- 2)(p- 3) 

12x(*) 


exp (p(p - 1 )y 2 ) dy 
y 4 exp (p(p - l)y 2 ) dy + o (x -1 (i) + -4i (*)x(*)) 


and 


rX^(i) 


ty 


x 2 {t) 


exp X *+ —r— +X b-r— - 2x(i) dy 


ty 


x 2 (t) 
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> exp ( — 


( - e (1 + (1 - c 2 -Y+^- e ) A^tMtj) j 


i xHt) f | p(p- l)(p-2)(p-3) y 4 


12 


x(t) 


- (1 - dT' ^^- 3X>> - 4) JL + _L ((, + + P1 -1) ( 1+(1 -c 2 -)^‘- 2 ) 


x 2 0 ) 2 ^i 


~p(p - !) (i + (! - c 2 X ) p y 2 A 1 (t)^j exp (p(p - 1 )y 2 ) dy 

exp (p(p - l)y 2 ) dy + —— —~ J 0 ^ ex P (^ _ 1 )y 2 ) + 0 (x _1 (*) +- 41 (%W) 


for large t , if p + pi < 0. Hence, 


p^x 2 (*) 


exp(x[t + ^) +x V~^))~ 2x{t)]dy 


p(p- 1 )(p- 2 )(p-3) 


/•OO 

i «pW(>-i)v 2 )<iv . 12x(t) 

1 / 7f v^P - 2)(p - 3) 1 


/•OO 

/ 2/ 4 exp (p(p - l)y 2 ) dy + o (x**(i) + Hi(f)x(f)) 

^0 


+ o(x *(t) +H 1 (f)x(t)) 


(4.13) 


2\ / p( 1 -p) 32(p(l-p))® xO) 

for large t. 

Note that max = o^x _ ^(d)) as t —> oo, if —p/(2pi) < ci < 1 + p/(2pi) < 1 and 

p + pi <0. Due to (12.61) . (12.71) . (14.11) . (14.51) and (14.131) . we obtain 


■ix 2 W 


«(l-4- K 1-^7- 

x 2 (t)/ V x 2 d) 


V 


X t- 


yt 

x*M 


\ 


/ 


X ( *-X7T 

X 2 (i) 




X exp ( X ( t + —ry-y) + x (t - —ryyy ) - 2 x(<) ) dy 


< c 


«-£x*M 


A C \ (t - t—] + A{~ Cl (t--*- 

1 xH*)J v xHt) 


i - 


X 2 (t) 


P-1 


1 + e 1 f 


X 2 (*)/ 


x exp ( x ( t + -|^ + X (t - y-|yyy ) - 2x(i) ) dy 


= o 


(x~ht)) 

with —p/( 2 pi) < ci < l + p/( 2 pi) < 1 , and 


< 


•ix 2 W 


"^X 2 (*) 


/ 


xU- 


yt 

x*W 




- 1 + 


(p- !)y 
X*W 


\ 


/ 


exp <*<* + ^) + *(‘ _ 3 §) 


(1 _ e -y - 3 ( p - w? - 2 > jg _+ Mt) (i - -? * i,,) 


xO) 


x 2 0 ) 


pi 

*-' +i 


pi 


+eHi(t) ( 1 -— 


(* ■ ifeH' exp ( x (* ■ + ill) + * (* ■ -Jk) ~ 2x(i) ) 


exp * * 1 * + xhtj) + * (* ~ oJtfj. 1 _ 2x(i) 1 dv 


(.X 2 0)) 
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as t — > oo, which implies that 


x' (t - -4 


yt 


x 2 {t) 


exp [x[t+ -r 


X 2 {t ) 




X 2 {t ) 


- 2x(i) dy 




yt 

xHt) 


+ X\ t - T 




x 2 W 


- 2x(i) dy 


x{t) 


x 2 (t) 


= P exp(p(p-l)y 2 )dy^+++p(l-p) / y exp (p(p - l)y 2 ) dy —+ + 


x 2 (t) 


1 j pit x(t) , X 2 (t) , o / X 2 {t) 


2 V 1 - P t 2t 

for large t. 

Combining (14.711 - (14.811 and (14. 1311 - (14.141) . we have 
X* (*) ff( 2t ) F ( 2t ~ u )dF(u ) 


(4.14) 


tF\t) 




/ j . y 

a - X i-r 


yt 


x 2 (t) 


exp x * + — 


yt 


X 2 {t) 


+ X\ t -r 


yt 


x 2 {t) 


tt ay^(p-2)(p-3) 1 1 / pir xO) X 2 W +Q + J_ + Xf_W 


2Yp( 1 -p) 32(p(l-p))i X(0 2 y 1 - y f 

for large t, which complete the proof. 

Lemma 7. Under the conditions of Lemma® we have 

F \^) 


2t 


- 2x(t) j dy 

1 

x(*) 


□ 


Jo F (t - u)dF(u) 


2 2 2 \/p( 4 ~~ p)x 2 ft) 

Oi\pKt 


(l + o(l)) 


(4.15) 


as t ^ oo. 

Proof. From (12.71) . (14.91) and (14.101) . it follows that 

p(p _ + 4 d(d - !)(P - 2 )(d - 3 ) X (|) _ 4 P(d ~ !)(P ~ 2 )(d ~ 3)(p ~ 4) x (f) 


t 2 


f 4 



2u\ p {l + ¥) Pl -1 

1 + t) 1 


pi 


(l - c^s-ns 

2 u\Pi 


t 5 


|[1 2ny (l-^) Pl -l 

t J Pi 


— £ 


0 -fPl 


< x(5 + ”)+x(5-”)-2*(2 

< r -(- 1) 4 +0 l 2 I ipi ' p ~ 1 )(^’- 2 )(p~ 3 ) * (i) ._4 , 4 p(p-!)( p- 2 )(p-3)(p- 4 ) *(§) l 5 


t 2 


f 4 



2uV (l + ^) Pl -1 

1 + tJ — 


+ e 1 - 


2u 


Pi 

p+pi-eN 


15 

2 u\Pi 


f 5 


|U 2mV (1 - x) ~~ 1 

t J pi 
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for 0 < u < t/(2c 2 ), 1 < c 2 < 1/ ^1 — (2 — 2 P ) p Combining with (14.121) . we have 


2c 2 


ex P(x(o+«)+x(o-W - 2 x(o) du 


< exp ((* ( 1 + (1 - ) - 2+ ( 1+c ^ p+ ^ - c ") p+pl 



*x *(!) 


J (i) 


c 2 (2p(l —p)) ^ 


Pi 


s (p-2)(p-3) 4 (p-2)(p-3)(p-4) 5 


< 


2 \/ 2 p(l - p) Jo 
(1 + 0 (Ax (|)x(|)))^ f 

2>/2p(l - P)X^ (|) d 0 

1 / (p ~ 2)(p — 3) V 

2 y48p(l - p)x (|) / 


P l 2 48p(l — p)x (|) 480\/2(p(l - p)) 2 x 2 (t) 


s° ds 


HiL 


c(2p(i-p)) _ 5 | , (p 2)(p 3) 4 (p 2)(p 3)(p 4) n5 

I J- ..... s / 4- \ & I - . } 


+ 


S 8 1 + 


P-4 


48p(l - p)x (f) 480v / 2(p(l - p)) = X 2 (*) 

2 N 


10\/2p(l — p)x*(t) 


exp - 


ds 


4 \/p(i -p)x= (I) 


(l + o(l)) 


and 


2c 2 


exp X hr + u + X o “ u - 2 X o 


> exp (l + (1 

. *-*(!) 


2 V / 2 p(l - p) do 

V^t 



■(l + o(l)) 


Vp(i-p)x= (I) 

for large i, if 0 < p < 1 and p + pi < 0. So 


2c 2 


ex p(x(o+«)+x(o-w - 2 x(o) ) du = 


y/nt 


4\/p(l- p)x= (|) 


(l + o(l)) 


(4.16) 


for large t. 

By arguments similar to (14.71) . (|4.8[) . (14.141) . we can get 


X 


t 


exp W- + B +xh"« -2x 


du 


1 / pn 


2 V 1 -P 


X 2 


(l+o(l)) 


and 


2c 2 


a - x' ( o “ u ) ) ex P ( X ( o + u ) + X ( t: - u ) - 2 x 


du = 


x*(t) 


for large t. Combining with (14.161) . we have 

Jo* F (t ~ u)dF(u) 

^ 2 (!) 


CXy/lTt 


4\/p(1-p)x= (|) 

2^ 2 a v / 7rt 


(l + o(l)) 


\/P(1 — P)x^ (i) 


(l + o(l)) 


ds 
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for large t, which deduces the desired result. 


The proof is complete. 


□ 


Lemma 8 . Assume that b(t) £ 2RVp tP2 with auxiliary function A^t) and p 2 < 0, /3 £ K, and c(t) £ 2RV 1:P3 
with auxiliary function A 3 (t) and p 3 < 0, 7 £ M. Then b(t)c{t) £ 2 i?Va+ 7 , max (p 2 ,p 3 ) • 


Proof. From Lemma [3] it follows that 

b(tx)c(tx) ( A , ,x p2 — 1 , , ,x P3 —1 , , . , . „ 

— 77 - 7 —-t— = x (1 + A 2 {t) I- A 3 (t) I- o (A 2 (t) + A 3 (t)) 

b(t)c(t ) V P 2 P3 

for large t and fixed x > 0 , which implies the desired result. 


(4.17) 

□ 


Lemma 9. Let G £ C a and C(t) = J* e au dG(u) with a > 0. Assume that c{t) = e at G(t) £ 2 RV ltP3 with 
auxiliary function A 3 {t ) for p 3 < 0, 7 > — 1, 7 + p 3 + 1 > 0, then C(t) £ 2i?F y+ i imax ( P 3 i _i). 

Proof. By using LemmaO for every e > 0 and x,y > 0, there exists t 0 = i 0 (e) such that all tx, txy > to, 


4 (if ‘ » 7 ) * 


< 


A 3 (tx) 

c(txy) -y 

citxy ~ y 1 


y p 3 — \ 

y- - dy 

P3 


yV P3 - 1 


A 3 (tx) 


P3 


dy 


< e /. y 


,,7+P3-e 


dy 


7 + P3 + 1 - £ 


1 - 


to 

tx J 


\ 7+P3 + 1— e'' 


which implies 
1 


4 3 (tx) 


-7l 3 (tx) (-- 1 (— ) 

V7 + P3 + 1- E P3h + 1) \tx) 


7+lN 


1 


< 


< 


7+1 (7 + 1)(7 + P 3 + 1) 

fo 1 c(y)dy 

txcftx ) 

1 A 3 (tx) a ( £ 

+ 1 (7 + 1)(7 + P 3 + 1) 3 X \7 + p 3 + l-e p 3 (7 + p 3 + 1) \tx 


to 


7+1 \tx 


7+1 


to 


7+P3 + 1' 


7 

for large t. 

Note that C(t) = 1 — c(t) + a J * c(u)du. Combining with Lemma [3] for large t we have 


fo° c(y)dy 
txc{tx) 


7 + 1 
at 


x 7 ( 1 + A 3 (t) 


x p3 - 1 


+ ex p3 max 


P3 

+x 7+1 ^1 + A 3 {t) -- — ex P3 max (x E , x _E )^ ^ x 1 — 


(x e ,x E )^ + 


7+1 

atc(t) 


7+1 


— A 3 {t)x P3 (l + emax (x E ,x E )) 


e(7 + 1) 


7 + p 3 + 1 7 + p 3 + l-£ p 3 \txJ 


to\ 


7+lN 


13 



































< 

— Q 
7+1 


C(tx) 7 + 1 7 +lc(te) (7 + 1) J* x c{u)du xc(tx) 


tc(t) atc(t) at c{t ) 

x p3 — 1 


txc(tx) 


c(t) 


< (! + +(*) 


at 

+z T+1 U + A 3 (t) 


— £x H3 max 


P3 
X P3 - 1 


(x s ,x e )^ 


(7 + 1 ) (af*° c(y)dy + l) 


atc(t) 


P3 


+ ex P3 max (x s , x 


1 - 


+ (+ 


7 + p 3 + 1 


(l — emax (x E , x E )) 


+A 3 (t)x Ps (l + emax (x E ,x E )) 


e(7+l) 


7+1 


( — 

7 + P3 + 1 - e ^ 3(7 + P3 + 1) \tx. 


7+P3+ + 


Hence, 


C(tx) 


= x 7+1 + A 3 {t)x 1+1 


x P3 - 1 


- A 3 (t) 


x 


7+P3 + 1 


+1 tc(t) ~ P3 “' jv ' v 7 + / o 3 + 1 at 

for large t, if 7 > — 1, 7 + p 3 + 1 > 0. Then we can get 


x 7 + o ( - + A 3 (t) 


(4.18) 


(4.19) 


c(tx) _ x^ + Mt)x^^-Mt)^-^ + o(± + Mt)) 


C(t) 


Y _ ^ 3 (*) _ 7 + 1 

7+P3+1 at 


0(7 + A 3 (t)) 


— ^.7 + 1 I t 7+1 trr P3 


+ X 7+ (x P3 — 1) ■ 


7 + 1 


7 + 1 


A 3 (t ) + x 7 (x — 1) ———h O ( — + H 3 + 


P 3 (t + P 3 + 1 )" "'' ' ~ _/ at 

for large t and fixed x > 0, which deduces that C(t) £ 2i?14 y+ i imax ( P3i _i). 

The proof is complete. 


□ 


Lemma 10. Let F,G £ C a , a > 0. Assume that h(t) = e at F(t) £ 2 RVp tP2 with auxiliary function A 2 (t) 
and p 2 < 0, /3 £ R, and c(t) = e at G(t) £ 2 RV ltP3 with auxiliary function A 3 (t) and P 3 < 0, 7 > — 1, 
7 + P3 + 1 > 0. Then 


fo 2 F (t ~ u)dG{u) 
F(t)tc(t) 


= a (1 — u)^u 7 du + 


a 


P 2 Jo 


((1 — u) P2 — 1 ) (1 — u) l3 u' y duA 2 (t) 


+ [ /3 / (1 — u)P 1 u y (2u — l)du — 2(1 + 7 ) J (1 — u)^u J du j t 1 


+a 


( 2~ P3 fJ 


\P3(7 + P3 + 1 ) Jo 
2~P3 (7 + 1) — 7 - p 3 - 1 
P3(7 + P3 + l) 


(1 — u)P 1 u 7+1 {(2u) P3 — 1 ) du 


(1 — u 


YvAdu] 




A 3 (t) + o (t + A 2 (t) + + (t)) 


for large t. 


Proof. Note that C(t) = f 0 e au dG(u). From (14.181) . (14.191) and the dominated convergence theorem, we 
have 


"a-nf- 1 (^jt-(2ur +1 ^Jdu 


C(!) 


"a-uf- 1 


C ( ut ) 
i c (-) 

.7+12 L V 21 


— ( 2 it ) 7+1 du + ( - 2±1 


-s_i c 

7+1 2 U \ 2J 


C(|) 


- 1 


'(l-it) / 3 _ 1 ( 2 it) 7+1 du 
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at 


+ O 0+Aa(t))^ J\l-u)P~\2uydu 


{i-uf- l (2 U y +1 


P3 Jo 7 + P3 + 1 


du ] + o ( - + A 3 {t ) 


+ /’d- »ri2, ri + 2 -h±H + „ (i + * w )) 


= A 3 (t) 


2T-P3+i( 7 + i) z-2 


P3(l + P3 + 1) Jo 

2 7+1 ( 7 + 1 ) [* 


(1 — u) /3 1 u 7+1 ((2u) P3 — 1) G?M 


at 


(1 — u )' 3 1 u 7 (2u — 1 )g?u + o ( — + A 3 [t) 


for large t. So 


fo (l — e au dG(u) 


- (7 + 


c(f) 

/o 1 l 1 - - (! - i) / 3 C(!) 


(1 — u)^u 7 du 


c(!) 


-0 {l-uf~ 1 {2u) 7+1 du 


+ P 


Sl {i ~ ur 'i $ffy - (2 ” ),+i ) * 

2 7-P3+ 1 / 3(7 + i) rh 


= A 3 (t)~ —-— | \ \ y / (1 — 1 m 7+1 (( 2 w ) P3 — 1 ) du 


+ 


P3(7 + P3 + l) Jo 

2 7+1 ^( 7 + 1) /■*„ ,3.! 

I I I -• / 


at 


(1 — m) / 1 u 7 ( 2 u — l)du + o ( - + j4 3 (t) ) , 


(4.20) 


due to C(f) € RV J+ 1 and 7 + p 3 + 1 > 0. 

By using integration by parts, for 7 > —1 we can get 

So l 1 ~ lY ^^^ e^dGju) 7 + i 


and 


c«) 

fj (1 - 


2 7 + 1 / ((1 _ U )P 2 — 1 ) (1 — uYu 7 du 

P2 Jo 


(4.21) 


e““dG(u) 


C(!) 


(7 + 


(1 — u ) /3+P2 e u 7 du 


(4.22) 


as t —► 00 . 

Note that / 0 2 dG{u) = / 0 2 e au dG{u). From Lemma[3]and (14.19M4.22I) . it follows that 

fo 1 F( J ~ u)dG(u) 

F{t)tc(t) 

(1 — u) 13 u 7 du + [/3 I (1 — uY~ 1 u 7 {2u — l)du — 2(1 + 7 ) J (1 — uYu 7 du^\ 


t 


+a | / ' J,i -— [ (1 — u) 13 1 u 7+1 ((2u) P3 — 1) du + 

\l + P3 + 1 Jo 


2 P3 (7+ 1) — 7 - p 3 — 1 
P3(7 + P3 + l) 


+— / ((1 - u) P2 - 1) (1 - ufu 7 duA 2 {t) + o(t 1 + A 2 (t) + A 3 (t)) 

P2 Jo 

for large t , which complete the proof. 


(1 — u)^u 7 duj A 3 (t) 


□ 
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Lemma 11. Let F,G £ C a , a > 0. Assume that b(t) = e at F(t) £ 2 RVp^ P2 with auxiliary function A 2 (t) for 
P 2 < 0, P £ R, and c(t) = e at G(t ) £ 1?V/ /or 7 < — 1. For forge t, we have 


(i) if'y = —1 with mc{oi) = 00 , 
ff - u)dG(u) 


F (t) fo 2 c(u)du 


— a -j 


atcft ) 


fo 2 c(u)du V • /o 


P (1 - (log u)cfc + (log 2 ) (l - 2 " /3 ) 


.„[J+ML + j4a(t) ; 


f 2 c{u)du \f 0 2 c(u)di 


(4.23) 


(ii) if 7 = — 1 zfofo ma{cx) < 00 , 

j 2 F(t-u)dG{u) 


F(t) 


tog(q) — a / c(u)du + o(Jt c{u)du + ^(t) j ; 


(4.24) 


(Hi) if —2 < 7 < — 1 , 

fo F (t-u)dG(u ) 
F(t) 


= mda) + atc(t) I / ((1 — u)^ — l) vPdu + 


27+!( 7 + l ) 


o(tc(t) + A 2 {t )); 

(4.25) 


(iv) if 7 = —2 with uc(u)du = 00 , 
fo 2 F (t ~ u)dG(u) 


m 


= mc{cy) — apt / uc(u)du + o \t / uc(u)du + A 2 (t) 


(4.26) 


(v) if 7 < —2 with uc(u)du < 00 , 

f 0 2 ~ u)dG(u) = 

F(t) 


POO 

mo(ct) — pt~ x / ue au dG{u) + o (t -1 + -A 2 (i)) . (4.27) 

Jo 


Proof, (i). For 7 = — 1 with / 0 °° e au dG[u) = 00 , we have 

lim , fc(i) = 0 
t_> °° fo c ( u )du 

by Lemma [T] Combining with Lemma [3l for large t and arbitrary e > 0, we can get 


tc{t) 


f 0 2 c (y) d y 


(log 2 + logw + e ( 2 e — u e )) — 


=(*) 


,-i 


« fo 2 c (y)dy 


(l + £ 2 m e ) + 


a fo 2 c (y)dy 


< C{tu) - 1 


< 


« f 0 2 c (y)dy 

tc(t ) 


f 0 2 c fy)dy 


(log 2 + logw — e ( 2 e — u e )) — 


c(t) 


' 1 (l — £ 2 u e ) + 


a fo 2 c fy)dy 


a fo 2 c (y)dy 


if 1 /t < u < 1/2. Then 

JL 

P jji-ur 


C(tu) 


,«/ 0 2 c (y) rf y 


- 1 dit 
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I p f (1 — u)P 1 (log u)du + (log 2) (l — 2 /3 )+o(l)] + 


/o 2 c(y)dy \ Jo 


a f 0 2 c (y) d v 


'(1 + °(l))(4-28) 


for large t. Note that 


a I 0 2 c (y) d y =1 _ 1 +f { 1 + tc(t) \ 

C (l) afjc(u)du \fo c (y)dyJ 


for large t. Hence, 


(SH 


du 


c(4) 


c(fa) 


< a f 0 2 c (y) d y 


c(I) 


(p f (l-u)P 1 (logu)du+ (log 2) (1 - 2 /3 ))+o(^" te ^ 


f 0 2 c (y)dy \ Jo 


Jo °(y)dy , 


(4.29) 


Since 


/,* (1 - f)V“dGM b 

c(i) ' 7* c ’ U(i) v 

nd 

Io(l-jy e au dG(u ) C(l) /3 




(l + o(l)) 


for large t, we have 

c(!) 


-1 = 


C(l) 

tc(t ) 


l' ( 2 ) 1 ^ ( 2 ) Jo 


ue au dG{u){l + o(l)) 


f 0 2 c (y)dy \ Jo 


j3 / (1 - w)' 3 x (logit)du + (log 2) (l - 2 /3 ) ) +1 


1 + tc(t) 
Jo 2 c{y)dy / 


(4.30) 


by combining with (14.2911 . 
Noting that 

and 


Jo 1 (1 - !)' 




c(l) 

Jo 5 (1 * f) S+ "" 


e““dG(rt) 

P2 —- ^0 


e au dG(u ) 


C (l) 

as t —>■ 00 . From Lemma [3] and (14.301) . it follows that 


/c 


2 b(t — u) c OLU 
0 b(it) 


dG(u) 


C(l) 

Jo (!- f) / 3 e““dG(u) 


= 1 + 


c(I) 

tc[t) 


+ 0(^2 (t)) 


f 0 2 c (y)dy \ Jo 


f3 I (1 -u) /3 x (log u)du + (log2) (l — 2 /j ) ) +0 ( +H 2 (f) 


Jo 2 c (j/) d 2/ 
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for large t, which implies (14.231) . 

(ii)-(v). Note that 

1 — /3x + 2 1 ~ /? /3(/3 — l)a; 2 < (1 — x)& < 1 — fix, 0 < /3 < 1, 

1 — /3x < (1 — xY < 1 — fix + 2 1 ~Pf3(f3 — l)a; 2 , l</3<2or/?<0, (4-31) 

and 

1 — fix < (1 — x)P < 1 — (3x + 2~ 1 f3(/3 — l)x 2 , (3 > 2 

for 0 < x < 4. We only consider the case of f3 < 0. For the rest cases, the arguments are similarly and 
details are omitted here. 

By using integration by parts, we have 


1 - y)' e au dG(u ) - j e au dG(u) 

-l)c(l)-2~ f) c^J +a J 1 (( 1 - 7 ) ~^jc{u)dv 

fs n / a \ p~ i 
(■ u)du——J ^1 — — J c(u)du 


-a / c 


From Lemma Q] and (I4.31|) , we can get 


J ^ ^(l — j) — 1 ^ c{u)du = — (3t 1 J uc(u)du + o(t x ), 


(4.32) 


and 


n \ / 3 — 1 r°° 

1 — — J c(u)du = / c(u)du + o(l) 


nOO 

/ c{u)du = o (f _1 ) 


for large t, if 7 < —2 with J ) 00 uc(u)du < 00 . Then 


'l - j) e au dG(u ) - J e au dG{u) 

/3c(l) a/3 . . , /3 n 

-/ uc{u)du — — / c{u)du + o (t ) 

t t J1 t J1 

P 


for large t. 
Since 


0 < 


/ OO 

ue au dG(u) + o (t- 1 ) 


^(l - jY - 1^ e au dG(u) = J ue au dG(u)( 1 + o(l)), 


1 - 


!) 


P2 


- e au dG{u ) 


2 _P2 — 1 

< 2 _/ - maM < 00 

~P2 


(4.33) 


(4.34) 
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and 


/ 2 / u \ P+P2-E . 

< / ^1 — jj e au dG{u ) <2 1 P 2 +£ mc(a) < oo 


for /3 < 0, p 2 < 0, we can get 


’ 2 F(t-u ) . . f 2 b(t-u) . . 

, ~iwr dG ^ = l ~wr dGM 


JJ (l-jYe°"dG(u) + o{A 2 (t)) 

n / v\P r°° 

mc(a) + J ^1 — — J e au dG(u) — J e au dG(u) 

— — f ue au dG(u) + o (t^ 1 + A 2 (t)) 

t Jo 

p OO 

mc(a) —/3< _1 / ue au dG{u) + o (i -1 + A 2 (t)) 

Jo 


by combining with (14.341) . which complete the proof of case (v). 
For 7 = —2 with fY° uc(u)du = oo, we have 


^1 — —'j — 1 j c(u)du = —fit 1 j uc(u)du( 1 + o(l)) 


and 


c(u)du = o l t 1 / uc(u)du 


by using (14.311) and Lemma [T] Combining (14.321) and (14.351) . we can get 
fi F(t - u) 


Fit) 


dG{u) = mciot) — apt / uc(u)du + o\t / uc(u)du + A 2 (t) 


(4.35) 


for large t, which deduces the result in case (iv). 

Similarly, we have 

/ i 1 ~ l) ^ eaUdG< ^> ~ J i e ““ dG ( u ) = atc (t) (^J o ((! - u f ~ !) ul du + 2l+7( , 1 1 + o(l) j 

for —2 < 7 < — 1 , and 

/■I / u \i 3 r°° r°° 

j (l - -J e au dG(u) - j e au dG{u) = -a j c{u)du{ 1 + o(l)) 

for 7 = —1 with me (a) < 00 . By using (I4.32[) and (14.351) . we can obtain ()4.24l) and (|4.25[) . respectively. 

The proof is complete. □ 

Proof of Theorem [lj For large t and A satisfied 0 < A < f(t) and yj{A) < a, we have 

// {t) F(t-u)dF(u) ^ e xW- 2 x(|) j/W e ““dF(u) 

~ I F(t-u) 


// (t) F(t - u)dF(u) f/ (t) ^frfdF(u) 
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(/ A e au dF(u) + {a- X '(A)) (/(£) - A) e*W<*») e xW ~Mi) 

s //(.) mf if w 

(J A e au dF(u ) + a/(f)) e ( 1 -^)( 1 -2 1 "' , )x(t) 

fm y^ dF ^ 


by using Lemma [6l where /(£) = Combining Lemma [5] and Lemma [3 we can get 

x^ (i)FTT(t) 

^ (!) 


2 V 2 / 

a / 7 F" 

2VRl^ 

for large t, which deduces the desired result. □ 

Proof of Proposition [lj Combining Lemma [TOl and Lemma fill we can derive the desired results. □ 
Proof of Theorem [U Prom (14.17J1 . it follows that 

_ / f\ _ / f\ „ / 0~P2 _ I O P3 _ i \_ 

F ( 2 ) G [ 2 ) = 2 ~^~ 7 + ° {Mt) + Mt)) ) ° mt) 

for large t. By arguments similar to Proposition [Q we have 

f o 2 G(t - u)dF(u) + F (|) G (0 = G(t)M 2 (p, 7 , t) 

for large t, where M 2 (/3,7,f) is given by (13.611 and (13.71) . With the decomposition of convolution tail, for 
large t we can get 



F(t — u)dF(u) [ 1 + 


^ 2 (!) 




F(t — u)dF(u) I 1 + 


2 Jo F(t — u)dF{u) J 
J Ft) F(t-u)dF(u ) 


f f \t) F< A ~ u )dF(u) 



F 2 


!) 


2 F(t-u)dF(u), 


2P- 5 a^(p-2)(p-3) 1 




x(0 


1 

2^ 


x(£) 

1 — p t 


o A 1 (t) X {t) 


1 

X(i) 


X 2 W 


_ /£\ _ /£ 


F * G(£) = F{t- u)dG{u) + G(t - u)dF{u ) + F ( - ) G ( - 

^0 ./o 

= F(t)M 1 (/3,'y,t) + G(t)M 2 (0,'y,t) 


with Mi(/ 3,7,£) given by (13.31) and (13. dl) . The proof is complete. 


□ 


Acknowledgements This work was supported by the National Natural Science Foundation of China grant 
no.11171275, the Natural Science Foundation Project of CQ no. cstc2012jjA00029. 


20 

























References 


[1] Albin, J.M.P. (2008) A note on the closure of convolution power mixtures (random sums) of exponential 
distributions. Journal of the Australian Mathematical Society , 84, 1-7. 

[2] Albrecher, H., Hipp, C. and Kortscliak, D. (2010) Higher-order expansions for compound distributions 
and ruin probabilities with subexponential claims. Scandinavian Actuarial Journal, 2, 105-135. 

[3] Baltrunas, A. (2005) Second order behaviour of ruin probabilities in the case of large claims. Insurance: 
Mathematics and Economics, 36(3), 485-498. 

[4] Barbe, P. and McCormick, W.P. (2008) Asymptotic expansions for infinite weighted convolutions of 
rapidly varying subexponential distributions. Probability Theory and Related Fields, 141, 155-180. 

[5] Bingham, N. H., Goldie, C. M. and Teugels, J. L. (1987) Regular variation. Cambridge: University 
Press. 

[6] Borovkov, A. A. (1976) Stochastic Processes in Queueing Theory. New York: Springer Verlag. 

[7] Borovkov, A.A. and Borovkov, K.A. (2002) On probabilities of large deviations for random walks. I 
regularly varying distribution tails. Theory of Probability and Its Applications, 46(2), 193-213. 

[8] Chistyakov, V.P. (1964) A theorem on sums of independent positive random variables and its applica¬ 
tions to branching process. Theory Probability and its Applications, 9, 640-648. 

[9] Chover, J., Ney, P. and Wainger, S. (1973a) Functions of probability measures. Journal of Anaylse 
Mathematique, 26(1), 255-302. 

[10] Chover, J., Ney, P. and Wainger, S. (1973b) Degeneracy properties of subcritical branching process. 
The annals of Probability, 1(4), 663-673. 

[11] Cline, D.B.H. (1986) Convolution Tails, Product Tails and Domains of Attraction. Probability Theory 
and Related Fields, 72(4), 529-557. 

[12] Cline, D.B.H. (1987) Convolutions of distributions with exponential and subexponential tails. Journal 
of the Australian Mathematical Society, Series A, 43, 347-365. 

[13] Degen, M., Lambrigger, D.D. and Segers, J. (2010) Risk concentration and diversification: second-order 
properties. Insurance: Mathematics and Economics, 46(3), 541 -546. 

[14] de Haan, L. and Ferreira, A. (2006) Extreme Value Theory. Springer Serries in Operations Research 
and Financial Engineering. New York: Springer Verlag. 

[15] Drees, H. (1998) On smooth statistical tail functionals. Scandinavian Journal of Statistics, 25, 187-210. 

[16] Embrechts, P. and Goldie, C.M. (1980) On closure and factorization properties of subexponential tails. 
Journal of the Australian Mathematical Society, Series A, 29, 243-256. 

[17] Embrechts, P. and Goldie, C.M. (1982) On convolution tails. Stochastic Processes and their Applica¬ 
tions, 13, 263-278. 


21 


[18] Foss, S. (2007) On the exact asymptotics for the stationary sojourn time distribution in a tandem of 
queues with light-tailed service times. Problems of Information Transmission, 34(4), 353-366. 

[19] Foss, S., Korshunov, D. and Zachary, S. (2009) Convolutions of long-tailed and subexponential distri¬ 
butions. Journal of Applied Probability , 46(3), 756-767. 

[20] Geluk, J.L. (1996) Tails of subordinated laws: The regularly varying case. Stochastic Processes and 
their Applications , 16, 147-161. 

[21] Geluk, J.L., de Haan, L., Resnick, S. and Starica, C. (1997) Second-order regular variation, convolution 
and the central limit theorem. Stochastic Processes and their Applications , 69, 139-159. 

[22] Hashorva, E., Ling, C. and Peng, Z. (2014) Tail asymptotic expansions for L-statistics. Science China 
Mathematics, 10, 1993-2012. 

[23] Hua, L. and Joe, H. (2011) Second order regular variation and conditional tail expectation of multiple 
risks. Insurance: Mathematics and Economics , 49, 537-546. 

[24] Lin, J. (2012) Second order asymptotics for ruin probabilities in a renewal risk model with heavy-tailed 
claims. Insurance: Mathematics and Economics , 51(2), 422-429. 

[25] Lin, J. (2014) Second order tail behaviour for heavy-tailed sums and their maxima with applications 
to ruin theory. Extremes, 17(2), 247-262. 

[26] Mao, T. and Hu, T. (2013) Second-order properties of risk concentrations without the condition of 
asymptotic smoothness. Extremes, 16(4), 383-405. 

[27] Omey, E. and Willekens, E. (1986) Second order behaviour of the tail of a subordinated probability 
distribution. Stochastic Processes and their Applications, 21, 339-351. 

[28] Omey, E. and Willekens, E. (1987) Second-order behaviour of distributions subordinate to distribution 
with finite mean. Communications in Statistics Stochastic Models, 3, 311-342. 

[29] Pakes, A.G. (2007) Convolution equivalence and infinite divisibility: corrections and corollaries. Journal 
of Applied Probability, 44, 295-305. 

[30] Resnick, S.I. (1987) Extreme Values, Regular Variation and Point Processes. New York: Springer 
Verlag. 

[31] Shimura, T. and Watanabe, T. (2005) Infinite divisibility and generalized subexponentiality. Bernoulli, 
11, 455-469. 

[32] Zachary, S. (2004) A note on Veraverbeke’s theorem. Queueing Systems, 46, 9-14. 

[33] Zachary, S. and Foss, S. (2006) On the exact distributional asymptotics for the supremum of a random 
walk with increments in a class of light-tailed distributions. Siberian Mathematical Journal, 47(6), 
1034-1041. 


22 




